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Convergence Acceleration for Solving the
Compressible Navier–Stokes Equations
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Deutsches Zentrum für Luft- und Raumfahrt, D-38108 Brunswick, Germany

A fully implicit operator for implicit smoothing of residuals in the framework of explicit Runge–Kutta time
stepping and multigrid acceleration is developed. To avoid memory overhead associated with storing the complete
flux Jacobians, the Jacobians are expressed in terms of Mach number to enable economic computation of all flux
Jacobians during iteration. The implicit operator allows increasing Courant–Friedrichs–Lewy numbers of the
basic explicit scheme to the order of 100, and it properly addresses the stiffness in the discrete equations associated
with highly stretched meshes. The proposed method was applied to different cases of viscous, turbulent airfoil
flow, and convergence rates ranging from 0.8 to 0.87 were achieved. Comparing the present scheme to well-tuned
state-of-the-art methods using common implicit residual smoothing techniques, CPU time is better than halved.

Introduction

F AST convergence of the iterative solution method is a pre-
requisite for efficient use of numerical flow simulation in an

industrial environment. One of the most promising general solution
strategies is multigrid, which was originally developed to solve ellip-
tic equations.1,2 Methods based on multigrid have since then proven
very efficient for inviscid problems in solving the Euler equations,3,4

and they are the most promising approach for viscous problems in
solving the Navier–Stokes equations.5 However, in contrast to the
Euler equations, the solution of the Navier–Stokes equations still
poses a formidable challenge. The main difficulty in computing vis-
cous flow is tied to the fact that for economical resolution of steep
gradients in boundary layers, highly stretched meshes are required,
resulting in very high cell aspect ratios. These high cell aspect ratios
lead to severe stiffness in the discrete system of equations, thus sig-
nificantly reducing the efficiency of existing numerical algorithms.

Using multigrid, the main ingredient is an appropriate relaxation
method to eliminate high-frequency errors on the current mesh level.
Here, a general distinction can be made between explicit and implicit
schemes, with both having advantages and disadvantages. Explicit
schemes have a low operation count per iteration and low storage
requirements, but they have only limited stability imposed by the
Courant–Friedrichs–Lewy (CFL) condition, and they suffer severely
on meshes with high-aspect-ratio cells. In contrast to that, implicit
schemes theoretically offer unconditional stability, but they are com-
putationally more expensive and incur a heavy memory overhead
because of storing the flux Jacobian matrices, sometimes excluding
their application to large-scale problems. Therefore, in practice ap-
proximate factorization such as alternate direction implicit (ADI)
or incomplete lower–upper decomposition (LU) is employed. The
factorization errors, however, prohibit the use of large time-steps
and thus limit the potential for fast convergence.

One of the most widespread solution methods is the class of
schemes devised by Jameson, Schmidt, and Turkel,6 where an ex-
plicit Runge–Kutta time-integration scheme is augmented with im-
plicit residual smoothing. In combination with multigrid, such meth-
ods represent a well-balanced compromise of simplicity in the basic
explicit scheme and implicit consideration of the cell aspect ratio.
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Schemes based on this strategy proved to be well suited to inviscid
flow problems, and they allowed successful solution of the Navier–
Stokes equations. However, in solving for viscous, turbulent flows,
convergence rates deteriorated to 0.98–0.99 from rates on the order
of 0.9–0.95 typically observed for inviscid flow.

To overcome the geometrical stiffness in the discrete equations
associated with high-aspect-ratio cells, several variants of the stan-
dard multigrid approach of Jameson were considered. One variant
is the semicoarsening approach originally proposed by Mulder.7 In
this approach, coarsening of the computational mesh is not applied
in an isotropic manner as in traditional full coarsening, but is applied
separately in each curvilinear mesh coordinate direction to allevi-
ate damping requirements on the relaxation scheme. The drawback
of semicoarsening is the increase of operation count and program-
ming complexity. To avoid the cost of complete semicoarsening,
a j-line coarsening in only the wall-normal direction is used for
coarsening.8,9 Another variant in improving convergence of the stan-
dard multigrid approach is the augmentation of the implicit smooth-
ing. In Ref. 10, the Jacobian matrices of the curvilinear coordinates
were used for residual smoothing in each coordinate direction. The
resulting smoothing closely resembled an ADI implicit scheme and
suffered analogously from factorization error, thus preventing the
use of larger time steps. To reduce complexity of this approach, simi-
larly to j-line coarsening, j-line smoothing was developed, where the
implicit solution is only applied in the normal direction to alleviate
the time-step restriction from clustering grid lines in the boundary
layer.11

Originally devised for structured meshes, the preceding deriva-
tives of the standard multigrid approach did not gain much accep-
tance, due to programming complexity and limited applicability in
general block-structured codes. It is, however, interesting to observe
that for unstructured meshes, techniques similar to j-line coarsening
and j-line smoothing are considered due to the higher flexibility pro-
vided by the unstructured database.12 In combination with Jacobi
preconditioning, here convergence rates close to 0.9 were observed
for two-dimensional viscous, turbulent airfoil flow problems.

In all these approaches, directional information is fed into the
solution method and the corresponding coarse-mesh generation al-
gorithm. Furthermore, CFL numbers still remain on the order of
1–10, emphasizing the remaining explicit nature of the relaxation
method. In the present work, instead of considering the geometrical
stiffness by specifically addressing the directional dependence using
directional coarsening and directional implicitness, a more general
approach is proposed. To alleviate geometrical stiffness and signif-
icantly increase the admissible time step, the directional implicit
smoothing is converted into a fully implicit operator with symmet-
ric Gauss–Seidel iteration. The major challenge to be met in such
an approach is the reduction of computational memory for storage
of the Jacobians, which can be achieved by computing these values
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at every smoothing step. This necessitates a significant reduction in
the algebraic complexity of the flux Jacobians, and in the present
work a formulation based on expressing the flux Jacobians in terms
of Mach number is developed. The formulation in terms of Mach
number was first presented in Ref. 13 to identify relevant terms
of the Roe flux-difference splitting scheme14 in the incompressible
flow regime. Subsequently, also based on terms of Mach number,
coefficients for implicit smoothing on unstructured meshes were de-
rived to allow similar convergence rates, as obtained on structured
meshes.15 In the present work, by further exploiting the formulation
of Jacobians in terms of Mach number in conjunction with transfor-
mation to primitive variables, comparably simple expressions for
the Jacobians will be derived. Using these for economic evalua-
tion of the flux Jacobians on cell faces, a fully implicit operator
is constructed for implicitly smoothing residuals in the framework
of a Runge–Kutta time-stepping scheme. The implications of this
technique are then assessed for computation of viscous, turbulent
airfoil flow. Comparison with the unsmoothed scheme and standard
approaches to implicit smoothing in the same baseline code allows
direct estimation of the potential of the present approach for con-
vergence and efficiency improvement.

Governing Equations
We consider the two-dimensional Navier–Stokes equations for

compressible flow. For a control volume fixed in time and space, the
system of partial differential equations in integral form is given by∫∫

Vol

∂W
∂t

dV +
∫

S

F · n dS = 0 (1)

where W represents the vector of conservative variables, F is the
flux-density tensor, and Vol, S, and n denote volume, surface, and
outward facing normal of the control volume. The flux density tensor
F may be split into an inviscid, convective part Fc and a viscous part
Fv:

F = Fc + Fv (2)

where Fc and Fv are given by

Fc =

⎡⎢⎢⎣
ρq

ρuq + pix

ρvq + piy

ρHq

⎤⎥⎥⎦

Fv =

⎡⎢⎢⎢⎢⎢⎣
0

τxx ix + τxy iy

τxy ix + τyy iy(
uτxx + vτxy + k

∂T
∂x

)
ix +

(
uτxy + vτyy + k

∂T
∂y

)
iy

⎤⎥⎥⎥⎥⎥⎦ (3)

where q is the velocity vector with Cartesian components u, v, and
ix , iy denote the unit vectors in the directions of the Cartesian co-
ordinates x and y. ρ, p, H, and T represent density, pressure, total
specific enthalpy, and temperature, k is the coefficient of thermal
heat conductivity, and τxx , τyy, and τxy are the viscous stress tensor
components.

To close the system given by Eq. (1), the equation of state

p/ρ = R · T (4)

is used with R as specific gas constant.

Table 1 Flux difference splitting dissipation expanded in terms of Mach numbera

Dissipative Pressure Pressure Velocity Velocity Conservative
operator upwinding dissipation dissipation upwinding variables dissipation

�Fρ = (1/c)(1 − |M0|)�p +ρM0�qn +|qn |�ρ

�Fρu = nx M0�p +(1/c)u(1 − |M0|)�p +nxρc(1 − |M0|)�qn +ρuM0�qn +|qn |�ρu
�Fρv = ny M0�p +(1/c)v(1 − |M0|)�p +nyρc(1 − |M0|)�qn +ρvM0�qn +|qn |�ρv

�FρE = (1/c)H(1 − |M0|)�p + qn M0�p +qnρc(1 − |M0|)�qn +ρH M0�qn +|qn |�ρE

a M0 = min(|M |, 1) · sign(M).

Basic Solution Scheme
The basic solution scheme is a cell-centered finite volume method

as employed in Ref. 13. Using the finite volume technique for space
discretization, a semidiscrete form of Eq. (1) may be written as

Vol
∂W
∂t

+
∑

all faces

F · nS = 0 (5)

where Vol now represents the volume of a computational cell andSis
the area of a cell face. Equation (5) can be rearranged to

∂W
∂t

+ 1

Vol

∑
all faces

Fn S = 0 (6)

where Fn is the flux density vector corresponding to the direction
normal to the cell face. For discretization of the flux density vector
on a cell face, in the present work the flux difference splitting (FDS)
technique14 is used. The convective part of the flux density vector
Fc normal to a cell interface may then be written as

Fc = 1
2 (FL + FR) − 1

2 |A| · �W (7)

where FL and FR are the left and right states of the inviscid flux den-
sity vector normal to the cell interface, and A is the corresponding
flux Jacobian. The expression �W denotes differences in conser-
vative variables on the left side L and right side R of a cell inter-
face, giving �W = W R − WL , where the normal vector n at a cell
interface is pointing from left to right when the cell boundary is
traversed in a mathematically positive sense. Similarly to Ref. 13,
in the present work an implementation is used where the expression
|A| · �W is formulated in terms of the interface Mach number M0,
with M0 defined as13

Mo = min(|M |, 1) · sign(M) (8)

The resulting expressions for |A| · �W are summarized in Table 1
as flux differences �F for the continuity, momentum, and energy
equations. In Table 1, qn denotes the velocity normal to the cell
interface, defined as qn = q · n, and the operator � indicates differ-
ences of variables between right and left states of the cell interface.
For second-order accuracy, the variables ρ, ρu, ρv, ρH are recon-
structed, and the symmetric limited positive limiter of Ref. 16 is
used following the implementation outlined in Ref. 17. The FDS
discretization given by Eq. (7) is implemented in the pattern of a
central part plus artificial dissipation to allow for separate evaluation
of these terms in the time-marching procedure.

Time integration of Eq. (6) is achieved with an explicit five-stage
Runge–Kutta scheme, updating the conservative variables W as

W(m)

i, j = W(0)

i, j + α(m) · Ri, j

(
W(m − 1)

)
(9)

where the superscripts (m) denote the stage count, with m running
from 1 to the maximum number of stages, the subscripts i, j corre-
spond to the location at control volumes in the flowfield, α(m) is the
stage coefficient of the (m)-stage, and Ri, j (W(m − 1)) represent the
conservative residuals of continuity, momentum, and energy equa-
tions evaluated using the variables from the previous (m − 1)-stage:

Ri, j

(
W(m − 1)

) = − δti, j

Voli, j

∑
all faces

Fn(Wm − 1)S (10)

with δti, j as the local time step of cell i, j . To accelerate conver-
gence toward steady state, the explicit Runge–Kutta time stepping
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is augmented by implicit residual smoothing, which allows an in-
crease of the CFL number of the basic scheme by a factor of 2–3.
Originally devised in Ref. 6, the explicitly evaluated residual R in
Eq. (9) is replaced with a residual R̃ obtained from successively
solving a scalar tri-diagonal implicit system for each curvilinear
coordinate direction. Martinelli18 augmented the basic smoothing
of Ref. 6 by introducing smoothing coefficients depending on the
cell aspect ratio to efficiently solve the Navier–Stokes equations on
highly stretched meshes. Time integration may be further enhanced
by employing multigrid following the ideas of Jameson.4 The influ-
ence of turbulence is modeled according to Baldwin and Lomax.19

The basic outline of the framework for time integration used in this
study may be found in Ref. 5.

Derivation of Present Approach
As outlined in the preceding, one of the major challenges in

solving the Navier–Stokes equations for turbulent flows is the
consideration of the stiffness of the discrete system of equa-
tions caused by high cell aspect ratios. Directional methods
such as semicoarsening8,9 or j-line preconditioning11 did not gain
widespread acceptance due to the complexity of programming and
limited increase of CFL number. In principle, implicit methods bear
the potential to overcome the stiffness problem. A fully implicit
formulation of Eq. (6) yields

∂W
∂t

+ 1

Vol

∑
all faces

F(n + 1)
n S = 0 (11)

where F(n + 1)
n is evaluated at the new time level (n + 1). Linearizing

F(n + 1)
n about the current time level (n), one obtains

F(n + 1)
n + F(n)

n +
(

∂Fn

∂W

)
δW = F(n)

n + AnδW (12)

with δW defining the time difference of conservative variables and
An the flux Jacobian in the normal direction:

δW = W(n + 1) − W(n), An = ∂Fn

∂W
(13)

Substituting Eq. (12) into Eq. (11) and replacing the time derivative
in Eq. (11) with a finite difference approximation, one obtains

δW
δt

+ 1

Vol

∑
all faces

AnδWS = − 1

Vol

∑
all faces

F(n)
n S (14)

Rearranging leads to(
I + δt

Vol

∑
all faces

An S

)
δW = − δt

Vol

∑
all faces

F(n)
n S = R(n) (15)

where R(n) has been introduced to denote the residual at current time
level (n), and I represents the identity matrix. The matrix An has real
eigenvalues and may be split into two matrices A+

n and A−
n , where

A+
n = 0.5(An + |An|), A−

n = 0.5(An − |An|) (16)

With definition (16), Eq. (15) may be rewritten as a point implicit
scheme:(

I + δti, j

Voli, j

∑
all faces

A+
n S

)
δWi, j = R(n)

i, j − δti, j

Voli, j

∑
all faces

A−
n δWNB S

(17)
where indices i, j denote the current cell and NB are all direct
neighbors of cell i, j .

Note that the A−
n δW quantity represents the flux density change

associated with waves having negative wave speed, that is, waves
that enter cell i, j from outside. Only neighbor cells NB can con-
tribute to these changes in flux density. Similarly, A+

n δW represents
flux density changes associated with positive wave speeds, that is,

waves which leave cell i, j . These flux density changes are deter-
mined only by information from within cell i, j .

To solve Eq. (17) for the changes in conservative variables δWi, j ,
the 4 × 4 matrix (in three dimensions a 5 × 5 matrix) in the first term
on the left-hand side has to be inverted, and symmetric Gauss–Seidel
sweeps may be used for iterative solution.

The problem with the scheme of Eq. (17) is the memory require-
ment for storing the matrices A+

n and A−
n . For solution of a two-

dimensional (three-dimensional) problem, these are 4 × 4 (5 × 5)
matrices, requiring storage of 32 (50) variables per cell face. Ad-
ditionally, the necessary matrix-times-vector operations are associ-
ated with a high operation count, and as a consequence methods
based on Eq. (17) are generally not applied to practical problems.
Instead, LU schemes with simplified Jacobians as in Refs. 20,
21 or matrix-free methods22 are frequently employed. However,
these simplifications lead to deterioration of damping properties,
resulting in degraded convergence especially in solving the Navier–
Stokes equations, even though sometimes high CFL numbers can be
used.

To avoid deterioration of damping properties, the present work
attempts to solve Eq. (17) without simplifications of the Jacobians to
properly address the stiffness problem on stretched meshes. To avoid
storage overhead, the matrix components then have to be computed
whenever needed. Such a strategy can only be competitive if the
arithmetic operations necessary for computation are significantly
reduced.

To efficiently evaluate the Jacobian matrices A+
n and A−

n , the for-
malism of expressing the absolute Jacobian in terms of Mach number
as given in Table 1 will be employed. For simplification, Eq. (14) is
first transformed to the set of primitive variables U = [ρ, p, u, v]T :

δU
δt

+ 1

Vol

∑
all faces

PnδUS = − ∂U
∂W

1

Vol

∑
all faces

F(n)
n S (18)

with Pn as the analog of the normal flux Jacobian in primitive vari-
ables defined as

Pn = ∂U
∂W

An
∂W
∂U

= ∂U
∂W

(
A+

n + A−
n

)∂W
∂U

= P+
n + P−

n (19)

To ensure conservation, the multiplication with the Jacobian ∂U/∂W
on the right-hand side of Eq. (18) has to be performed on the con-
servative flux balances, that is, outside the summation over the cell
faces. Equations (18) and (19) may be combined to give the analog
of Eq. (17) in primitive variables:(

I + δti, j

Voli, j

∑
all faces

P+
n S

)
δUi, j = Q(n)

i, j − δti, j

Voli, j

∑
all faces

P−
n δUNB S

(20)
with

Q(n)

i, j = ∂U
∂W

R(n)

i, j (21)

denoting the residual vector in primitive variables at time level
(n).

Using the definitions of Eq. (16) and the terms of Table 1 obtained
from expressing the absolute Jacobians in terms of Mach number,13

performing the multiplications with the transformation Jacobians
given by Eq. (19), multiplying with time changes in primitive vari-
ables δU, and sorting terms, the expressions P+

n δU and P−
n δU in

Eq. (20) may be written as

P+
n · δU

=

⎡⎢⎢⎣
(qn + |qn|)δρ + (1/c)(1 − |M0|)δp + ρ(1 + M0)δqn

(qn + |qn|)δp + (γ − 1)(h/c)(1 − |M0|)δp + γ p(1 + M0)δqn

(qn + |qn|)δu + nx (1/ρ)(1 + M0)δp + nx c(1 − |M0|)δqn

(qn + |qn|)δv + ny(1/ρ)(1 + M0)δp + nyc(1 − |M0|)δqn

⎤⎥⎥⎦



348 ROSSOW

P−
n · δU

=

⎡⎢⎢⎣
(qn − |qn|)δρ − (1/c)(1 − |M0|)δp + ρ(1 − M0)δqn

(qn − |qn|)δp − (γ − 1)(h/c)(1 − |M0|)δp + γ p(1 − M0)δqn

(qn − |qn|)δu + nx (1/ρ)(1 − M0)δp − nx c(1 − |M0|)δqn

(qn − |qn|)δv + ny(1/ρ)(1 − M0)δp − nyc(1 − |M0|)δqn

⎤⎥⎥⎦
(22)

where γ , h, c denote the ratio of specific heats, specific enthalpy,
and speed of sound, respectively, and δqn is defined as

δqn = nxδu + nyδv (23)

with nx and ny as the components of the outward-facing normal n.
The definitions for P+δU and P−δU in Eq. (22) allow an imple-

mentation of the implicit scheme of Eq. (20) with a minimum of
computational effort. Only the expressions |qn|, M0, (1 − |M0|) are
precomputed and stored for each cell face; all other components
can be recomputed efficiently whenever necessary. The contribu-
tions of the viscous flux Jacobians can easily be incorporated with
the definitions outlined in Ref. 23 for primitive variables.

The implicit scheme of Eq. (20) is implemented into the frame-
work of the basic code analogously to implicit residual smooth-
ing: in each Runge–Kutta stage, prior to updating conservative vari-
ables with Eq. (9), the explicitly evaluated residuals are transformed
to residuals in primitive variables to form the right hand side of
Eq. (18). Interpreting the changes in primitive variables δU now
as smoothed residuals Q̃ then yields an equation for implicit resid-
ual smoothing:(

I + δti, j

Voli, j

∑
all faces

P+
n S

)
Q̃i, j = Q(n)

i, j − δti, j

Voli, j

∑
all faces

P−
n Q̃NB S (24)

Solution of Eq. (24) with three symmetric Gauss–Seidel (SGS)
sweeps through the computational domain, yielding new, smoothed
primitive residuals, which are subsequently transformed to new,
smoothed conservative residuals R̃ by

R̃i, j = ∂W
∂U

Q̃i, j (25)

The new, smoothed conservative residuals R̃ are then used to up-
date conservative variables according to Eq. (9) in the Runge–Kutta
framework by

W(m)

i, j = W(0)

i, j + α(m) · R̃i, j (26)

Note that the only change with respect to the basic code is the
replacement of the original routine for residual smoothing with a
routine that performs the residual smoothing according to Eq. (24)
with transformation to conservative residuals using Eq. (25).

Computational Results
The proposed method was used to compute viscous, turbulent

flow around the RAE 2822 airfoil. As test cases, cases 1, 9, and 10
from the investigations of Cook et al.24 were chosen. For case 1,
the flowfield remains mainly subsonic and no shock wave occurs.
case 9, one of the cases most frequently used in testing computa-
tional methods, exhibits a fairly strong shock on the upper surface
of the airfoil. For case 10, the shock strength is increased, leading to
substantial separation behind the shock. This case often severely de-
grades convergence of numerical methods. The different freestream
conditions are listed in Table 2.

For all cases, a structured C-mesh was used with 64 cells in
the normal direction and 320 cells in the circumferential direction,
where 256 cells were located on the airfoil surface. For the multi-
grid algorithm, coarse meshes were created by successively omit-
ting every second grid line, and a four-level W-cycle was employed.
Computations were performed on an SGI Octane workstation using
a single 360-MHz processor.

Table 2 Freestream conditions of test cases
for RAE1822 airfoil

Case M∞ α [◦] Re xtr/ l

1 0.676 1.93 5.7 × 106 0.11
9 0.730 2.80 6.5 × 106 0.03
10 0.750 2.80 6.2 × 106 0.03

Table 3 Computed total forces for RAE2822 airfoil

Case cl cd total cd pressure cd friction

1 0.60875 0.00840 0.00246 0.00594
9 0.85260 0.01784 0.01223 0.00561
10 0.84503 0.02866 0.02316 0.00550

Fig. 1 Surface pressure distributions for flow around RAE 2822,
case 1.

Fig. 2 Surface pressure distributions for flow around RAE 2822,
case 9.

This investigation is focused on enhancement of time integra-
tion; therefore an identical space discretization is always employed.
Following the method of lines in this study, space and time dis-
cretization are decoupled, and steady state results become indepen-
dent from the time integration, provided a converged solution is
obtained. For fair comparison, all computations were started from
freestream on the finest mesh unless noted otherwise. Figures 1–3
display the pressure distributions obtained for the three test cases,
and Table 3 summarizes the computed lift and drag coefficients.
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Fig. 3 Surface pressure distributions for flow around RAE 2822,
case 10.

Fig. 4 Convergence history for computation of case 1 with four-level
multigrid: rk5-i, five-stage Runge–Kutta and implicit SGS scheme;
rk5-s, five-stage Runge–Kutta and standard smoothing; and rk5-0, five-
stage Runge–Kutta, purely explicit.

Pressure distributions of cases 1 and 9 agree fairly well with ex-
perimental results. For case 10, the well-known deficiency of the
Baldwin–Lomax turbulence model in predicting this case in accor-
dance with measurements is evident. The results presented here are
in good agreement with numerical results presented elsewhere in
the literature.5,17,25 All time integration schemes investigated here
provided these results and the following discussion will therefore
focus only on convergence properties and computational efficiency
of the different schemes.

Figures 4–6 show convergence histories for three different time
integration strategies. In all cases, a five-stage Runge–Kutta scheme
was employed using the stage coefficients recommended in Ref. 26
for a second-order upwind discretization, with central flux and arti-
ficial dissipation evaluated in each stage. The first strategy, denoted
by rk5-0, is purely explicit: the five-stage Runge–Kutta scheme is
used with four-level multigrid without any further means of accel-
eration. The possible CFL number was 1.3, and to decrease the
residual of the continuity equation by 13 orders of magnitude, this
strategy required from about 4000 iterations for case 1 to about 7500
for case 10. Employing the implicit residual smoothing of Ref. 18,
denoted by rk5-s, the admissible CFL number could be raised to
7.5, and convergence improved by a factor of 3–4. The required

Fig. 5 Convergence history for computation of case 9 with four-level
multigrid: rk5-i, five-stage Runge–Kutta and implicit SGS scheme;
rk5-s, five-stage Runge–Kutta and standard implicit smoothing; and
rk5-0, five-stage Runge–Kutta, purely explicit.

Fig. 6 Convergence history for computation of case 10 with four-level
multigrid: rk5-i, five-stage Runge–Kutta and implicit SGS scheme;
rk5-s, five-stage Runge–Kutta and standard implicit smoothing; and
rk5-0, five-stage Runge–Kutta, purely explicit.

CPU time shows almost the same factors in reduction, as can be
seen from Table 4. For the strategy proposed in this study, denoted
by rk5-i, using the smoothing according to Eq. (24), the CFL num-
ber was set to 16 for the first eight multigrid cycles, and then it
was fixed to 160. The scheme achieved a convergence improve-
ment by a factor of 30–35 compared to the unsmoothed scheme.
This is similar to the improvement shown in Ref. 9, where semi-
coarsening and Jacobi preconditioning were employed. Compared
to the scheme with smoothing of Ref. 18, a factor of about 9 in
convergence improvement was obtained. With respect to compu-
tational time, the improvement does not scale accordingly, due to
the higher computational effort required for evaluation of flux Ja-
cobians and solution of Eq. (24). However, a factor of about 6 in
reduction of CPU time compared to the unsmoothed scheme could
still be achieved, and a factor of about 2.5–2.8 with respect to the
scheme with the smoothing of Ref. 18; see Table 4. The rate of con-
vergence improved from about 0.995 of the unsmoothed scheme to
roughly 0.98 for the smoothing of Ref. 18, and to about 0.85 for the
present method, as can be seen in Table 4. It is interesting to note
that the benefit resulting from application of the present method is
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Table 4 Computational effort required for RAE 2822 test cases

Scheme CPU time, s No. of iterations Reduction/cycle

Case 1
rk5-0 9,328 3,921 0.992
rk5-s 3,053 1,194 0.975
rk5/3-s 2,349 1,191 0.975
rk5-i 1,206 142 0.801
rk3-i 1,023 190 0.854

Case 9
rk5-0 13,580 5,627 0.995
rk5-s 4,048 1,579 0.981
rk5/3-s 3,129 1,585 0.981
rk5-i 1,495 176 0.843
rk3-i 1,337 248 0.886

Case 10
rk5-0 18,676 7,736 0.996
rk5-s 5,028 1,991 0.985
rk5/3-s 3,929 2,019 0.985
rk5-i 1,818 214 0.869
rk3-i 1,552 288 0.901

Fig. 7 Convergence history for computation of case 1 with four-level
multigrid: rk5-i, five-stage Runge–Kutta and implicit SGS scheme;
rk5-s, five-stage Runge–Kutta and standard implicit smoothing; and
rk3-i, three-stage Runge–Kutta and implicit SGS scheme.

higher for the more difficult case 10 than for the relatively benign
case 1.

Comparing the present method to well-established schemes using
the smoothing of Ref. 18, one must take into account that in such
codes hybrid Runge–Kutta schemes are usually employed, where the
numerical dissipation is evaluated only in selected stages to reduce
computational effort. Following Ref. 8, a different set of smoothing
coefficients is employed, and artificial dissipation is evaluated only
at odd stages of the five-stage Runge–Kutta scheme. CFL numbers
remain at 7.5, and the number of iterations is almost not affected
compared to the straightforward implementation of scheme rk5-s.
However, the CPU time required is reduced by about 20–25%; see
Table 4, where this scheme is denoted by rk5/3-s. This efficient im-
plementation is the reason for the widespread use of such methods,
and for a valid comparison of efficiency, these well tuned methods
have to be used as benchmark. With respect to this basis for com-
parison, the computational benefit of method rk5-i is reduced to a
factor of 2.0–2.2.

To increase computational efficiency of the present method, a
three-stage Runge–Kutta scheme was employed with the implicit
SGS scheme (rk3-i). The starting CFL number was set to 10 in
the first 8 iterations, and raised to 100 for the remaining computa-
tion. Comparison of convergence histories is displayed in Figs. 7–9.
Convergence rates are now on the order of 0.88, and CPU time with

Fig. 8 Convergence history for computation of case 9 with four-level
multigrid: rk5-i, five-stage Runge–Kutta and implicit SGS scheme;
rk5-s, five-stage Runge–Kutta and standard implicit smoothing; and
rk3-i, three-stage Runge–Kutta and implicit SGS scheme.

Fig. 9 Convergence history for computation of case 10 with four-level
multigrid: rk5-i, five-stage Runge–Kutta and implicit SGS scheme;
rk5-s, five-stage Runge–Kutta and standard implicit smoothing; and
rk3-i, three-stage Runge–Kutta and implicit SGS scheme.

Fig. 10 Convergence history for computation of case 1 with four-level
full multigrid using five-stage Runge–Kutta and implicit SGS scheme.
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Fig. 11 Convergence history for computation of case 9 with four-level
full multigrid using five-stage Runge–Kutta and implicit SGS scheme.

Fig. 12 Convergence history for computation of case 10 with four-level
full multigrid using five-stage Runge–Kutta and implicit SGS scheme.

respect to the benchmark of the hybrid Runge–Kutta scheme is now
reduced by a factor of roughly 2.3–2.5; see Table 4.

To illustrate the performance of the present method, Figs. 10–12
show convergence histories using the five-stage Runge–Kutta
scheme, the fully implicit SGS smoothing, and full multigrid. Suc-
cessively performing 20 multigrid cycles on each mesh level suffices
for converging total forces to engineering accuracy. In these cases,
the starting CFL number was set to 80 in the first two cycles on each
mesh, and then raised to 160 for the following iterations.

Conclusions
In the present work, a computational approach was derived that

addresses the stiffness problem associated with high-aspect-ratio
cells for viscous flow computations. The proposed method is based
on a fully implicit operator for implicit smoothing of residuals in
the framework of Runge–Kutta time stepping. To avoid the mem-
ory overhead usually required for storage of the flux Jacobians, the
components of the Jacobians are continuously recomputed during
iteration. Efficient evaluation of the corresponding terms is achieved
by using flux Jacobians expressed in terms of Mach number as out-
lined in Ref. 13. Transforming all terms to primitive variables leads
to relatively simple expressions, and only three variables per cell

face need to be stored, compared to 32 variables in two dimensions
or 50 in three dimensions for a straightforward implementation. To
solve the implicit equation, symmetric Gauss–Seidel iteration with
three sweeps through the computational domain was employed, and
in combination with Runge–Kutta time stepping, CFL numbers on
the order of 100 could be used. The present method was applied
for solving different cases of compressible, turbulent airfoil flow,
and convergence rates ranging from 0.8 to 0.87 were achieved. In
comparison to well-tuned common multigrid methods with Runge–
Kutta time stepping and implicit residual smoothing, reductions in
CPU time by more than a factor of 2 were realized. It is worth
noting that in contrast to commonly employed implicit smoothing
techniques, the method proposed in this study is not restricted to
structured meshes, since the fully implicit operator does not rely on
information obtained from curvilinear coordinates.
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